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Abstract

The star product is the basic tool used in the phase-space formulation of quantum
mechanics. We find a differential form of the star product for a class of
s-parametrized SU (2) Stratonovich—Weyl symbols which appear in the phase-
space representation of spin-like systems. The limit of large spin is considered
and the asymptotic form of the differential operator defining the star product is
obtained.

PACS numbers: 02.40.Gh, 02.20.—a, 03.65.V{

1. Introduction

Since the seminal paper of Wigner [1], the phase-space methods have been successfully
applied in different branches of quantum mechanics (see, for example, [2, 3]). The phase-
space representation allows us to reformulate standard quantum mechanics on the classical
language of phase spaces and functions defined on them [4], providing a very useful insight
into quantum—classical correspondence in non-relativistic quantum mechanics. According to
the Moyal’s formulation of quantum mechanics, both states and observables are considered as
functions on a given phase space, in such a way that average values are computed as in classical
statistical mechanics: by integrating over the phase space of some quasi-distribution function
with the Weyl symbol of a corresponding operator. The axiomatic approach to the phase-
space formulation of quantum mechanics was developed by Stratonovich [5]. Nowadays this
approach is known as ‘the Stratonovich—Weyl correspondence’. According to this approach,
we associate each operator f with its symbol f(2), a c-number function defined in the
corresponding phase space. The cornerstone of the Stratonovich—Weyl correspondence is a
specific symbol calculus, the so-called star (or twisted) product, which associates the product
of two operators f1 fz with an (associative) star product fj(€2) % f>(2). This star product
allows us to replace the standard manipulations with operators in the Hilbert space by a
differential (or integral) operator acting on the product of Weyl’s symbols. On the other hand,
the introduction of an associative but non-commutative star product to the algebra of classical
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observables leads to a specific quantization procedure (quantization by deformation) [6], now
applied in M-physics [7]. Obviously, the (invertible) map f — f(2) (and, correspondingly,
the form of the star product) depends on the ordering rules of functions of noncommutative
operators. This can be taken into account by introducing an additional index, s, which specifies
a certain operator ordering, such that f — f©) ().

The star product can be represented in differential and integral forms. Although a general
expression for the integral representation of the star product is easy to obtain, it is not very
useful for performing calculations (except the simplest case of the Heisenberg—Weyl group).
In this sense the differential form of the star product is more convenient. Both integral and
differential representations of the star product for the Heisenberg—Weyl group have been
extensively explored since Moyal’s paper [4]. The case of the SU(2) group has not been
explored to the same extent. In this paper we find an exact differential form of the star product
for the spin-like systems and discuss the quasiclassical limit for large spin. In section 2 we give
a short introduction to the principal mathematical ideas of this paper. In section 3 we briefly
discuss the Stratonovich—Weyl mapping for the spin-like systems. In section 4 we obtain
the differential form of the star product for the family of s-parametrized Stratonovich—Weyl
symbols and discuss the result, giving an example in section 5. In section 6 the limit for large
spin is considered and the asymptotic form of the differential operator defining the star product
is obtained.

2. A mathematical overview

In the phase-space formulation of quantum mechanics in the flat g—p(e—«a™*) space a
family of s-parametrized quasi-distribution functions Wp(s) (av) (related to different ordering
of the position and momentum operators) naturally appears [8,9]. These quasiprobability
distributions are built as mean values of the operator kernel which is the Fourier transform of
the (ordered) displacement operator from the Heisenberg—Weyl group representation [9],

W (@) = Tr(i, (@) p) )

i@ = - [ @ D& expl'a — ga 51z 2, @)
where

D) =exp(§a’ — £*a),

a=(q+ ip)/\/z (h = 1) and p is the system density matrix. The values 0, +1, —1 of the
parameter s correspond to the Wigner W-function, the Glauber—Sudarshan P function and the
Husimi Q function. In the same way as (1) the s-parametrized Weyl symbol of an arbitrary
operator f is introduced:

W (o) = Tr(ids (o) f).
The corresponding star product is defined as [4, 10, 11],

W (@)« W () = exp[—%(a;ﬁa;é) +a )af,g’)]

x exp[3(9% — 3 oW (@)W (@). 3)

In addition to the Heisenberg—Weyl case, the Moyal quantization programme has been realized
in the spin-like systems possessing SU (2) group symmetry. The phase-space description of
spin systems was initiated by Stratonovich [5], Beresin [12] and Agarwal [13] (see also [14—19],
where different types of the quasiprobability distribution function on the sphere (6, ¢) € S
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have been discussed). Recently, the Moyal quantization scheme has been generalized
for quantum systems possessing a (connected and finite-dimensional) group of dynamical
symmetry [20] and a simple algorithm for constructing the (s-parametrized) Stratonovich—
Weyl such as kernels w;(£2) (as a function defined on the ‘classical’ phase-space X, Q € X)
was proposed. The general rules to associate to each operator f acting on a Hilbert space,
a function W;iv) (s-parametrized symbol of f ) defined on the phase space, are given by the
‘Stratonovich—Weyl correspondence’ [5, 17,20]

W(Q) = Tr(y () ). )
The star product of two Stratonovich—Weyl symbols is determined by the condition
W)(‘:"l) W(bz) W(V) (5)

for any two operators f , &. From the Stratonovich—-Weyl postulates and the above definition
the following expression (integral representation) for the star product is obtained [17,20]:

Wiy = Te(a()/8) = f f KE(Q, Q1L Qo)W Q)W (2) din(21) din(€2) (6)
XJX

where du () is the invariant measure on X and K 12 (Q, Q1, ) is the kernel defined as

KO020(Q, Q1 Q) = Trlibs (), (1), (22)]. )
The kernel (7) has, in general, a quite complicated form. In the case of the Heisenberg—Weyl
group a differential form of the star product (6) was obtained by Moyal for the case of the
Wigner mapping, and later generalized to an arbitrary ordering [10, 11]. The differential form
of the star product allows us to introduce the so-called Moyal brackets

{ngsl)’ Wg(sz)}M — W}Sl) * W;sz) _ Wg(sz) % W}(csl)’
and thus, write down a differential evolution equation for quasi-distribution functions,

10, W© = (W5, Wiy, (8)
where H is the system Hamiltonian.

In the classical limit, # — 0, the Moyal brackets (8) in the flat-space case turns to the
Poisson brackets (on the p—g phase space) according to

{W(Al) W/ESZ)}M — {W[(_;]), W/()S2)}P +O(h)

A similar situatlon can be expected from the Moyal brackets for spin-like systems, where the
inverse dimension of representation plays the role of the expansion parameter.

Itis worth noting that structures similar to (6) and (7) naturally arise [21] in the tomographic
representation of quantum mechanics [22].

3. The Stratonovich-Weyl correspondence for spin systems

The s-parametrized Stratonovich—-Weyl kernel w, (6, ¢) for systems possessing the SU (2)
dynamical symmetry group is introduced according to [5,17,20,23]

Wy (0, ¢) = Z Z (C3S L0 Vi@, 9T =00, 6). (9
V2 L=0 M=—L

where Y7/ (0, ¢) are the spherical harmonics and fﬁ,} are the irreducible tensor operators [24]
which form an orthogonal operator basis in the space of (25 + 1) x (25 + 1) matrices and are
defined as

R 2L+l
N ’
T =\ 3551 22 ConumlS.m)is.ml (10)
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Here C SS,’Z 1.u are the Clebsch—Gordan coefficients which couple two representations of spin S
and L (0 < L < 285) to a total spin S. The kernel w; (6, ¢) is normalized according to

. 25 +1 .
Tr wy (6, ¢) = 1, / du(Q) w0, ¢) =1, (11)
S
where
25 +1 25 +1 .
du(R2) = dQ = sin 6 d6 d¢
4 4

is the invariant measure on the sphere.
The s-parametrized family of SU (2) quasi-distribution functions (see [17] for review) are
defined as follows:

W;x)(g’ ¢) = Tr(pw, (0, ¢)), i~

where p is the system density matrix. As well as in the Heisenberg—Weyl case, the value
s = 0 corresponds to the Stratonovich—Weyl function, meanwhile s = =1 leads to the Beresin
contravariant P-symbol and covariant Q-symbol correspondingly.

The (s-parametrized) Stratonovich—Weyl symbols of the operator f “)

WO, ¢) = Tr(fids (0. ). (13)
are covariant under rotations and provide the overlap relation
25 +1 (s) (=s) A D
| aowPe.ow 6.0 =11 (14)
47'[ S

The operator f can be reconstructed from its symbol W}iv)(e, ¢) (13) through the following
relation:

A 2S + 1 ~ (s)
f= / dQw_ (0, 9)W, (0, ¢). (15)
4 S
The kernel (7) defining the star product (6) takes the form
(5,51,82) 2S +1 : A A A
K200, @5 01, ¢1; 02, ¢2) = e Tr[w, (6, ¢)wy, (61, P1) Wy, (62, $2)]. (16)

Unfortunately, this kernel has quite a complicated form and, thus, is not convenient for practical
use.

4. A differential form for the star product

To find the differential form of the star product (5), i.e. to define a differential operator
L 74(0, ¢), such that

W =W x Wi = LY 0. g) Wi W), (17)
we make use of the reconstruction relation (15) for the product f g,
N 2S + 1 ~ ()
fe== dQD_,(0. )W 0. ¢, (18)
T S '

and then express W};) (6, ¢) in the form (17). (It worth noting that the explicit expression (16)
is not very suitable for calculations.)
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Let us consider two operators f and g from the 25 + 1-dimensional representation of the
universal enveloping algebra of su(2). We represent both operators as series on the irreducible
tensor operators T,;S) (10)

25 1

f= Z > i, =2 2wt 19)
=0 k=—1 1=0 k=—I

The degree of non-linearity (on the generators of the su(2) algebra) of the operators (19),

deg f, deg g is defined by the maximum value of /, such that fj; # 0, g # O. Itis easy to

observe that the (s-parametrized) Stratonovich—-Weyl symbols of the operators f and g take

the form

W@, ¢) = (€35, fiuYu (0. 9.

N Dl
WO, ¢) = WZ(CSS 10) " 8 Y (0, ¢).

(20)

A

For the product fg we have
28 L 28 b

Z YooY Sk T 1)

=0 ky==1) L=0ky=—1,

The product of two 1rreduc1b1e tensor operators can be expressed as a linear form on irreducible
tensor operators [24],

LobLoL
LTS =@+ DL+ 1) Y (- 1)2S+Lclkl]2k7{§ s S}Téi}, (22)

LM

l_; l;, g } are 6j-symbols. We use the following representation (which can be

obtained by comparing equations 9.2.1 (5) and 8.2.1 (4) from [24]) of 6 j-symbols in terms of
expansion on the Clebsch—Gordan coefficients,

Ii L, L } (=1)>* F()F(ly) Z Lol
= ajbﬂ Cl j,LO’ (23)
{ j 1 2

where [

s § S JQL+1) F(L)
where
0= (—1)../' | p =|:(lz+]:)!(l1+j.)!j|1/2’ 24)
Jl12S+j+1)! Jh (CENHUEN)
and
F(L)y=Q2S+L+1)!2S—L)!. (25)

Substituting (22) and (23) into (21) we get

F8=03"3"3 (=D fur guiaajbhy

liki boka LM

QL+ 1)QRL+1) F(I))F(ly) / )
N T ah F(L)  Cimhk Crdn T (26)

where we have used the following transformation properties of the Clebsch—Gordan
coefficients:

1=k ZL + 1 Ik 2[1 + 1 i
C{;lylzkz = (- 1)1 . ,/ mcﬁf,l.—kw 12] Lo = (— DL‘/ 1CL26,11]" 27
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Using the integral representation [24] for a product of two Clebsch—Gordan coefficients in
terms of the Wigner D-function,

212 +1 L ll lz*
Wde Dyyo(¢.0,¥)DZy (9.0, 9) D (6.0, V), (28)

where dV = d¢ dS2, and relations

L 4” *
Dyo(¢,0,v) = YLM(9 ),

D' (¢.0,9) = (—D" G- S+)jY ©, 9) 29
Pouj 2+ 1\ (h+ )' ik 175 00 (29)

lr* (12
Py @090 = \/212+1\/(lz+ (8 e €9

hj ks _
CronCimp—n =

where
d d 1 0
§*f =ieTV(tcotd— +i— F — — (30)
Yy 96  sinf d¢
SEDL, (9.0, 9) = —/LL+ D)Cintl DL o1 (9.60. ), 31)

are contravariant components of the angular momentum operator in the rotating frame [24],
we obtain from (26)

F(L)F) 4
(E553)3) 3 BIIRCRALLALE

11 k] 12 kz L M j
x / dV Y[, (0, ) (S Vi, 0, $)(ST) Yii, (6, $). (32)

Now we note that the function F'(L) (25) depends on the combination L(L + 1) rather than on
L itself and thus, we can write

F(L)DE (9,0, %) = F(T*)Diypy (0,6, %), (33)

where F (J?) is some function (whose explicit form is not needed for concrete calculations)
of the Casimir operator J 2

92 9 1 92 92 92
2
J |:892 teotd s+ - <8¢>2 R rew + 31ﬂ2>j| (34)
(7%, $%]1=0, 35)

such that sz,@M,@p, 0,v) = L(L+ 1)D11;,1M,(¢, 0, ¢¥). Taking into account (20) and the
relation

J2S+DI2S!
C§5.00 = - FL) (36)
we rewrite equation (32) in the following form:
; 2N ) Fs—1 072y +\J
fe=sspi o vt @i, ooy
x [FI™(THWE 0, NS [F=(THWE . ¢)], (37)

where

=28+ 1[(2S + D121 +279/2 = /28 + 1 FS1+275(0).



Moyal-like form of the star product for generalized SU (2) Stratonovich—Weyl symbols 8441

Integrating by parts in (37) we get

A 2N, ~ i
fe=55 72 4 / dv ib_y(0, )~ (T (S
J

T 285 +1

< [F(THWE 0, IS = (THWE @, ¢)D). (38)

Comparing (38) with (18) and (17) we obtain for the operator L 140, @), defining the star
product, the following expression:

~ (e dvr -~ o~ D n
£00.9) = Ns Y a; [ SLEUGEY T, 9 (S VPG 69
J

where the operators with subscript ‘ f” act only on the W;S‘)(G, ¢), the operators with subscript

‘g’ act only on the Wg(”)(e, #), whereas the external operator F*~'(72) acts on the whole
product. After integration over the angle ¥ we can rewrite equation (39) as

1:522(97 $) = N Zajﬁs—l (£2)[(S+(j)131_‘” (ﬁz))f ® (S—(j)11:~1—b‘z(£2))g]7 (40)
J

where £ is the Casimir operator on the sphere

) 32 0 1 32
L= —| — +cotld— + ,

902 30 sin’0 0¢? (41)
L2YL m(0,¢) = L(L+ DY u(0, ),
such that
F(L)Ym(0, ¢) = F(L)YL (0, ¢), (42)

and the function F(L) is defined in (25). The symbolic powers S*/) have been introduced
in (40) according to

ST/ — oTFij¥ Si(j), (43)
such that
j—1 .
. d i 0
SED =T [(kcotd — — F ——). 44
,1:([) YT %90 T sino 99 “44)
It follows from (31) and (44) that
SEOW (6, ¢) =0, j>degf. (45)

The number of terms in the sum (40) is defined by the degree of non-linearity of the operators
fand g (19),ie. j =0, 1,..., jmax: Jmax = min(deg f, deg ). On the otller hand, we can
formally sum over ‘j’ in equation (39) obtaining another representation for Lgf; @, 9),

(s d [s— + —\(l—s r1—s2
£00.0) = N5 [ SEF1GP0(5] © 50Ty © (46)
where the function o (z) is defined as
(—1)/ ; 1
T@=D SiGst e = wan s GV, @7

J

and J, (x) is the Bessel function.
Equations (40) and (46) are the main result of this paper. It is worth noting that although
the operator function F (£?) has explicitly entered into (40) and (46), the property (33) is
sufficient to determine the action of L r¢(6, @) on the product of any pair of symbols W;&‘) and

(s2)
Wg2.
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One can observe from (40) and (46) that the star product acquires the simplest form for
the Beresin P-symbol, P(6,¢) = W{'="(0. ¢),

Pro(8,6) = @S+ 1!y a;(S*VP0,$)(S™V Py(6, 9)),
J

where a; is defined in (24). For the Q-symbol, Q((6,¢) = W)(f:_l)(é,q&) and the
Stratonovich—Wigner W-symbol, W, (0, ¢) = W;f:o) (6, ¢), we have correspondingly

Q0. 9) = (ZS), Za, F2(L)(STFA L) Q0. 9)(S™VF(L) 0,6, ),
Wy (0. 9) = V25 +1) a; F~ (LS F(LYW(0. $))(S™VF (L)W, (6. $)).
J

Also, various mixed relations are possible, for example, we can compute the Stratonovich—
Wigner symbol Wy, (0, ¢) starting from Q-symbols Q ¢(6, ¢) and Q4(0, ¢):

V2S5 +1 Z

T NG P ST EA(LD 040, ) (5D FHLY) 0,60, 9)).
@s+Des) & '

Wi (0, 9) =

5. Example
To show how the expression (40) works we calculate the symbol for the operator S.S_,

where S,, S_, S, are generators of the 25 + 1-dimensional representation of the su(2) algebra
Sy ~ Ty, S- ~ Ty, S, ~ Typ). First of all we note that

—5/2
W_é‘j)(es(b) = <i) VS(S+1)cosé,

S+1 o (48)
S 3 .
W, ¢) = (ﬁ) S(S+1)sin6 e,

Due to the property (45) only two terms (j = 0, 1) contribute to the sum in (40). Taking into
account that

W 0,) ~ Yin(6.9),  m=0,%l,
and (according to (42))
F(L)Y 1 (0. ¢) = F()Y1,4(0, $).

we have
i | 1
W(Jl) . W(Sz) =N F2—Sl—52 1 Fs—l ﬁz W S(I)W S(I)W
s Fs Ws =1 W G ~ asvar™
(49)
where
5 i 9
gt — _ 9 < 50
396 T sinf 04 (50)

and we introduced the s-ordered star product %, according to

W)((sl) W(Sz) L<5)(W(Y1)W(Az))
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Substituting (48) into (49) we obtain after some algebra
s )‘”2 F(1)(2S +2)!
S+1 4/25 +1

48 s 1
X ?+20059— cos 9—5 25+3)].

Wéil) *g Ws(‘iZ) — ( i;'vs—l(EZ)

Because of

cos’ 6 — 1 ~ Y (6, ), cost ~ Y10(0, $),
we get

—5/2 p—s
W sy WS = ( S ) Frrmas+)! [4—SFH(0)
’ - S+1 428 +1 3

+2F 7 (1)cos® — (25 +3)F*~'(2)(cos? 6 — %)], (51)
where

F(2) =25 -2)!(25 +3)!, F(1) =S - D25 +2)!,

F0) =/28)!2S+ !

Here we note that because of s — 1 < 0, the last term in equation (51) equals zero in the case
of spin one-half, S = 1/2. Finally we obtain (for S > 1)

) ()

(s1) (s2) __
WS+l x Wt =

2 S+1 3\S+1
1 25 +3\¢D2
+200$9—(00529—3)(25+3)(2s_1> } (52)

In the case when S = 1/2, the last term in the above equation is absent. On the other hand,
we have the equality

Wy = We =W+ Wy, (53)
Taking into account that
WS =SS +1),

1 | |
W = 3(5@S = 1))@ +3)(S + 1)+ 2<COS29 - g) P 2CE

(note that in the case S = 1/2 we get Wé? = 1/4) and substituting the above expressions
into (53) we obtain (52), which proves the relation

(s1) (s2) _ ()
W, g We ™ =W s .

6. Large spin limit

In the limit of large spin (S > 1), equations (40), (46) can lze reduced to a rather simple
form. First of all we note (see appendix A) that the functions F(J 2) (33) and o (z) (47) can
be approximated as follows:

-, 2S+1)! & 5
F(J°)~ Wi exp 5‘7 ,

o(z) ~ m exp(—ez),

(54)
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where
1
T 28S+1

Then, the expression (46) for the operator L(S)(O ¢) is approximated as
e(s—1

1— —
x exp(‘e(z—sl)jj% Rl +1;® 8(—2S2)ng>. (55)

<1

Taking into account that the action of 72 on a product AB is defined as

THAB) =T ® Ip+ 14 ® T; — (S; ® S5 +S; ® SHI(AB), (56)
and using the Campbell-Baker—Hausdorff formula

ef et = of+E+3l/ gl (57)
we get (see appendix B)

+5((1 —s)s;®s;—(1+s)s;®sg—)] (58)

It is worth writing explicit expressions for some special cases. In the case when s = 51 = s,
equation (58) takes the form similar to that for the Heisenberg—Weyl group (3)

LY. TS+ RS+ o(STR®S — St @S,
@, )~ —exp (f®g+ 7 ® g)+§(f®g_f® g)’
in particular, one obtains
dyr _
Pro(0, ) = f L expl ¢S} ® S, 1210, 9) Py 6. ).

d
0540 ) = [ 32 exples; © 510,60, 4)0,0. ),

d
W0, ) = % exp[%(Sf RS -Si® Sg—)}wf(e, N ACK )

On the other hand, from (40) we can obtain another approximation for the operator L(s) ®, o)
as a series on powers of ¢,

L)O.¢) =1, @I+ 2[( SVLE ® Iy + (s — )1 ® L]

(=95 @5 = A +9)S7 @ S, M1+0(E), (59)
where the operators § *( are defined in (50) and £? is the Casimir operator on the sphere (41).
7. Conclusions
We have found an exact differential form for the star product for the family of s-parametrized

SU (2) Stratonovich—Weyl symbols. This result allows us to replace the operator algebra in
the Hilbert space of spin-like systems by differential calculus in the corresponding (classical)
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phase space. The explicit form (40), (46) of the star product (taken at s = s; = s,) allows us
to write down the evolution equation (8) for the s-parametrized quasi-distribution functions,
i, W = M) 0, p) (W W), (60)
where
M) 6. ¢) = L) 0. ¢) — LS} 0. ¢)
denote the Moyal brackets operator. Equation (60) is the quantum Liouville equation for

quasi-distributions on the sphere.
In the limit case of large spin, we obtain from equation (59)

L6.$~ 1 @1+ ((1 985,V @850 — (1+5)57" @ 5, ),

which leads to the following appr0x1mate expression for the Moyal brackets operator:
(5) (9 (p) 8(S (€8] ® S+(1) ;1(]) ® Sp—(l))
We have
2i a ] d 0
S+(1) S—(]) _ S_(l) S+(1) — o — ) =12 , ,
r®% 1 8% = Gna\ae, ® e, 96, € g, ble
where {, } p denotes the Poisson brackets on the sphere, i.e. in the limit S >> 1 the Moyal

brackets are reduced to the Poisson brackets. Finally, we obtain that the approximate evolution
equation for the s-parametrized quasi-distribution function Wés) takes the form

W ~ 26(WO, Wi'}p, (61)
which is similar to the Heisenberg—Weyl case when the Moyal brackets reduce to the classical
Poisson bracket (in the flat space) in the limit # — 0. Quantum corrections to the classical
evolution equation (61) can be obtained by further expansion of the star product (40) in a series
on the powers of ¢. It is worth noting that the form of quantum corrections essentially depends
on the type of s-ordering of the quasidistribution function.

The first-order partial differential equation (61) can be solved (for example, by the method
of characteristics) and the evolution of the quasi-distribution function W/SS) is given by

Wi 60, dolt) = WS (060, do. 1), ¢ (6o, do, D]t = 0),
where 6 (6, ¢o, ), ¢ (6o, ¢o, t) are the classical trajectories on the sphere generated by the
Hamiltonian H. Thus, in the quasiclassical limit of large spin, S >> 1, the so-called ‘truncated
Wigner approach’ [25], in which each point of the quantum probability distribution evolves

along a classical trajectory, can be developed to give an approximate description of quantum
dynamics of spin-like systems.

Appendix A

We represent the function F (L) (25) in the following manner:

(2s+1)![L 1+8ki| (25 +1)! [ L 1+ek}
F(L) = = )
V2S+1 Q)l—ak V25 +1 kz 1— ek
Expanding the logarithm

L L oo 2n+1 L

1+¢ek 2(ek)™"
o = 3 K 0 ek St
e R = a
=i =0 n=0 k=0

3
—eL(L+1)+ %[L(L + DR

we obtain equation (54).
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We approximate the function o (z) as

o -/ 1 &1 -z 1 z
G(Z)_Zj!(25+j+l)!N(2S+1)!Zﬁ(25+1) _(2S+1)!eXp(_2s+1>'

j=0 j=0

Appendix B
To multiply exponentials in (55) using the Campbell-Baker—Hausdorff formula (57),

exp(syjz) exp(—eS*® S7) ~ exp[ey(j2 QI+IQJ?
—(ST®S T +ST®S5)) —eST®ST]

2
x exp[%[f ®5,5 @S+ 0(53)}, (62)

with y = (s; — 1)/2, we note that

[S"®S7,5 @5 N=5"9"®S, -5, 95 5"+S5,®S5,, (63)
where
0
S, = —i—.
oy

But the symbols W.;:”(e, ¢) do not depend on ¥, S, W;iv) 6, ¢) = 0, thus, the effect of action
of the exponential in (62) is negligible in our approximation.
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